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Abstract. We introduce a new variant of tight closure and give an interpretation 
of adjoint ideals via this tight closure. As a corollary, we prove that a log pair 
{X, A) is pit if and only if the modulo p reduction of {X, A) is divisorially F-regular 
for all large p ^ 0. Here, divisorially F-regular pairs are a class of singularities in 
positive characteristic introduced by Hara and Watanabe TIT in terms of Frobenius 
splitting. 

Introduction 

The multiplier ideal sheaf J'{X,D) associated to a log pair {X,D) (i.e., X is a 
normal complex variety and D is an R-divisor on X) is defined in terms of resolu- 
tion of singularities and discrepancy divisors, and one can view this ideal sheaf as 
measuring how singular the pair {X, D) is. However, when X is smooth and D is 
a (Cartier) integral divisor on X, the multiplier ideal sheaf J{X, D) is nothing but 
Ox{—D) and does not reflect the singularities of [X^D). On the other hand, the 
adjoint ideal sheaf adj(X, A) of a boundary A (i.e., A = (ij Aj is an M-divisor 
with < (ij < 1) on X is a variant of the multiplier ideal sheaf jr(X, A), and it 
encodes much information on the singularities of (X, A) even when A is a Cartier 
integral divisor. Ein-Lazarsfeld [6| and Debarre-Hacon [Ij used the adjoint ideal 
sheaf to study the singularities of ample divisors of low degree on abelian varieties. 
Kawakita [16] used the adjoint ideal sheaf to prove inversion of adjunction on log 
canonicity. The purpose of this paper is to give an interpretation of the adjoint ideal 
sheaf via a variant of tight closure. 

Tight closure is an operation deflned on ideals or modules in positive charac- 
teristic. It was introduced by Hochster-Huneke [13] in the 1980s. The notions of 
F-regular rings and F-rational rings are deflned via tight closure, and they turned 
out to correspond to log terminal and rational singularities, respectively ([7|, [TU] . 
[2T] . [23] )• This result is generalized to the correspondence of the test ideal and 
the multiplier ideal of the trivial divisor ([8], [21]). Here, the test ideal t{R) of a 
Noetherian local ring (i?, m) of prime characteristic p is the annihilator ideal of the 
tight closure 0^^^^^^^^ of the zero submodule in the injective hull Er{R/xki) of the 
residue fleld R/xn of i?, and it plays a central role in the theory of tight closure. 
Since we can enjoy the usefulness of multiplier ideals only when they are associated 
to various ideals or divisors, Hara-Yoshida [11] and the author [25] introduced gen- 
eralizations of tight closure and of the test ideal associated to any given ideal and 
divisor, respectively. They then proved the correspondence of their generalized test 
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ideals and the multiplier ideals, building on earlier results of Hara [8] and Smith 

m- 

In this paper, we introduce another generalization of tight closure associated to 
any given boundary, called divisorial tight closure, and investigate its properties. 
Let {R, m) be a Noetherian normal local ring of characteristic p > and A be a 
boundary on X := Spec R. Then the divisorial A-tight closure J'^"*'^ of an ideal 
/ C is the ideal consisting of all elements x E R for which there exists c E R not 
in any minimal prime ideal of H^{X, Ox{—\_'^\)) such that 

ex" G I^''^H%X,Ox{{q-l)A)) 

for all large q = p*^, where /''^l is the ideal generated by the g-th powers of elements 
of /. If C M are i?-modules, then the divisorial A-tight closure A^^}^*^ of 
in M is defined similarly. We then define the divisorial test ideal t'^"{R,A) to be 
the annihilator ideal of the divisorial A-tight closure 0^^^^^^^^^ of the zero submodule 
in the injective hull Efi{R/m) of the residue field of R. In the case when A = 0, 
divisorial A-tight closure coincides with classical tight closure and the divisorial 
test ideal t'^"{R,0) is nothing but the test ideal t{R). The divisorial test ideal 
t'^"{R, A) establishes several nice properties analogous to those of the adjoint ideal 
sheaf adj(X, A): the restriction theorem (Theorem 14. 4p . the subadditivity theorem 
(Theorem 14.51) . etc. By virtue of the following theorem, the divisorial test ideal 
t'^"{R, A) can be viewed as a characteristic p analogue of the adjoint ideal adj(X, A). 

Main Theorem (Theorem 5.3). Let (-R, m) be a normal loeal ring essentially of 
finite type over a perfeet field of eharacteristie p > 0, and let A be a boundary on 
X := Spec R such that Kx + A is W-Cartier. Assume that {R, A) is reduced from 
characteristic zero to characteristic p ^ 0, together with a log resolution f : X X 
of (X, A) giving the adjoint ideal adj (X, A) . Then 

adj(X,A)=r'i'^(i?,A). 

Pit singularities are one of the important classes of singularities arising in the 
minimal model program. Hara-Watanabe [TO] introduced the notion of divisorially 
F-regular pairs in terms of Frobenius splitting, and they conjectured that divisorially 
F-regular pairs correspond to pit singularities. The adjoint ideal sheaf adj(X, A) 
defines the locus of non-pit points of (X, A) in X. Likewise, the divisorial test 
ideal t'^"{R,A) defines the locus of non-divisorially- F-regular points of [R, A) in 
Spec R. Thus, the conjecture of Hara and Watanabe immediately follows from 
Main Theorem. 

Acknowledgment. The author is indebted to Yasunari Nagai and Ryo Takahashi for 
valuable conversations and Ken-ichi Yoshida for useful comments. He also would 
like to thank Masayuki Kawakita and the referee for helpful suggestions. This work 
was partially supported by Grant-in- Aid for Young Scientists (B) of Japan Society 
for the Promotion of Science. 

1. Multiplier ideals and Adjoint ideals 

In this section, we briefly review the definition and local properties of multiplier 
ideals and adjoint ideals. Our main reference is pO] . 
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Let X be a normal algebraic variety over a field k of characteristic zero. For an 
M-divisor Z) = rjDj on X, we define 

yD\ := ^^[^iJ-Dj the round down of D, 

i 

\D~\ := ^^[ri]Dj = — [—D\ the round up of D, 

i 

{D} := '^^{ri}Di = D — [D\ the fractional part of D, 

i 

where for r G M, [rj is the largest integer less than or equal to r. 

Let A = ^ diAi be an effective M-divisor on X such that Kx+^ is M-Cartier, and 
let a C Ox be an ideal sheaf. A log resolution of ((X, A); a) is a proper birational 
morphism / : X — > X with X nonsingular such that CiO^ = Oj^{—F) is invertible 
and Exc(/) U Supp(/~^A + F) is a simple normal crossing divisor. The existence 
of log resolutions is guaranteed by Hironaka's desingularization theorem [12]. Let 
/ : X X be a log resolution of ((X, A); a). Then there are canonically defined 
real numbers a{E) = a{E,X,A), called the discrepancies of E with respect to the 
pair (X, A), attached to each prime divisor E on X having the property that 

=num riKx + A) + 5^ a{E, X, A)E, 

the sum running over all prime divisors E on X (we define a(/7^Aj,X, A) = —di 
and a(-E',X, A) = for prime divisors E not supported on Exc(/) U Supp(/7^A)). 
Note that a{E, X, A) is independent of / when one views E as being a valuation of 
the function field k{X) of X. 

Definition 1.1 ([20, Definition 9.3.60]). In the above situation, let t > be a real 
number. Fix a log resolution / : X — X of ((X, A); a) so that aOjj = Oj^{—F) for 
an effective divisor F = b{E)E on X. The multiplier ideal sheaf J'{{X, A); a*) of 
a with exponent t for the pair (X, A) is 

J{{X, A); a*) = f.O^{K^ - [f*{Kx + A)+tF\) = f^O^iJ^HE) - t ■ b{E)]E). 

We denote this ideal simply by J'{X,A) (resp. i7(X, a*)) when a = Ox (resp. 
A = 0). J'((X, A); a*) is independent of the choice of the log resolution / ( PU| 
Theorem 9.2.18]). 

Next we define a variant of the multiplier ideal sheaf, called the adjoint ideal 
sheaiS. Kawakita [16] used this ideal sheaf to prove inversion of adjunction on log 
canonicity and Shokurov [22] also used it implicitly. 

An M-divisor A = Yli di^i on X is called a boundary if < rfj < 1 for every i. 
Let A be a boundary on X such that Kx + A is M-Cartier, and let a C Ox be an 
ideal sheaf such that no component of [AJ is contained in the zero-locus of a. 

Definition 1.2 (cf. [2Ul Definition 9.3.47]). In the above situation, let t > be a real 
number. Fix a log resolution / : X ^ X of ((X, A); a) such that aO^ = 0^{—F) for 
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an effective divisor F on X and /^^[AJ is nonsingular (but possibly disconnected). 
Tfien tfie adjoint ideal sheaf adj((X, A); a*) of a witli exponent t for tlie pair (X, A) 
is 

adj((X, A); a*) = f.O^{K^ - [r{Kx + A) + tF\ + f;' [AJ )• 
We denote this ideal simply by adj(X, A) when a = Ox- 

The multiplier ideal sheaf J{X, D) associated to an integral divisor D on a smooth 
variety X is just Ox{—D) (|20i Example 9.2.12]). On the other hand, the adjoint 
ideal sheaf adj(X, D) associated to D does carry significant information about the 
singularities of D. 

There are important classes of singularities defined in terms of the triviality of 
the multiplier ideal sheaf or the adjoint ideal sheaf. 

Definition 1.3. Let X be a normal variety over a field k of characteristic zero, and 
let A be an effective M-divisor on X such that Kx + A is M-Cartier. 

(i) We say that the pair (X, A) is Kawamata log terminal (or kit for short) if 
J(X,A) = Ox. 

(ii) We say that the pair (X, A) is purely log terminal (or pit for short) if A is 
a boundary (i.e., A = c/jAj with < rfj < 1) and adj(X, A) = Ox- 
Remark 1.4. (i) One can verify by an argument similar to j^Ul Theorem 9.2.18] 

that the adjoint ideal sheaf adj((X, A); a*) is independent of the choice of 
the log resolution used to define it. 

(ii) Obviously J((X, A); a*) C adj((X, A); a*) (when A is a boundary). If [AJ = 
0, then the both ideal sheaves coincide with each other. 

(iii) Kit singularities are pit. 

(iv) We can define the adjoint ideal sheaf in more general setting. Let D he a, 
reduced integral divisor and B be an effective M-divisor on X such that D 
and B have no common components and that Kx + D + B is M-Cartier. 
Let a C Ox be an ideal sheaf such that no component of D is contained in 
the zero-locus of a. Then for any real number t > 0, the adjoint ideal sheaf 
adj((X, D]B)]a^) is defined to be 

adj((X, D- B)- a*) = hO^{K^ - [fiKx + D + B)+tF\+ f~'D). 

To avoid being too technical, we do not deal with this ideal in this paper. 
However, all results on the adjoint ideal sheaf adj((X, A); o*) are extendable 
to those on this adjoint ideal sheaf adj((X, D;i?); a*). See also Remark [3.31 
(iii). 

One of the most important local properties of adjoint ideal sheaves is the restric- 
tion theorem. 

Theorem 1.5 (cf. [201 Theorem 9.5.16]). Let X be a normal variety over a field 
of characteristic zero and A be a boundary on X such that Kx + A is M.-Cartier. 
Put D = [AJ and B = A — [AJ . Let v : D be the normalization of D and 

B'^ be the different of B on D" . That is, B'^ is an effective M.-divisor on such 
that Kd^ + B" = i'*{{Kx + A) Id) {the reader is referred to [221 §3] for details). Let 
a C Ox be an ideal sheaf such that no component of D is contained in the zero-locus 
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of a. Then for any real number t > 0, the sheaf u^J'[{D'^ , B^); aOf)-^^) is an ideal 
sheaf of D and one has 

u^JiiD", B"); aOD^') = adj((X, A); a*)0^. 

In particular, if the adjoint ideal sheaf a.di{X, A) is trivial, then D = [AJ is normal 
and Cohen- Macaulay. 

The above restriction theorem is used to prove Demailly-Ein-Lazarsfeld's subad- 
ditivity property of multipher ideals. 

Theorem 1.6 (cf. [5], [201 Theorem 9.5.20]). Let X be a d- dimensional nonsingular 
variety over a field of characteristic zero. Fix a point x G X and denote by xn = xnx 
the maximal ideal sheaf at x. // a, b C Ox are ideal sheaves, then 

J{X,a'h%(Z J2 J{X,m^a'),J{X,m^b'), 
for any real numbers s,t > 0. 

2. F-SINGULARITIES OF PAIRS AND GENERALIZED TEST IDEALS 

In this section, we recall the definition of F-singularities of pairs and (A, a*)-tight 
closure used to define generalized test ideals. The reader is referred to [lO] , [11] and 
[25] for details. 

Throughout this paper, all rings are excellent reduced Noetherian commutative 
rings with identity. Let i? be a normal domain with quotient field K and D be an 
M-divisor (not necessarily effective) on Spec R. We denote 

R{D) := /7°(X, Ox{D)) = {0} U {x e K \ divx(x) +D>0}. 

Let A be an effective M-divisor on Spec R, and denote by R°'^ the set of elements 
of R which are not in any minimal prime ideal of -R(— [AJ) C R. We write this set 
simply by R° when A = 0. 

In addition, suppose that R is of characteristic p > 0. For each q = p"^, _R((g— 1)A) 
viewed as an i?-module via the e-times Frobenius map F'^ : R ^ i?((g— 1) A) sending 
X to x'^ is denoted by ^R{{q — 1)A). Since R{{q — 1)A) is a submodule of we can 
identify F^ : R ^ ^R{(q— 1)A) with the natural inclusion map R R{{q — 1)A)^/''. 
We say that R is F-finite if ^R (or R^/^) is a finitely generated i?-module. For 
example, any algebra essentially of finite type over a perfect field is F-finite. Also, 
for any ideal / of i?, we denote by /'''l the ideal of R generated by the g-th powers 
of elements of J. 

Definition 2.1 ([HW, Definition 2.1]). Let R be an F-finite normal domain of 
characteristic p > and A be an effective M-divisor on Spec R. 

(i) (-R, A) is said to be strongly F-regular if for every c G R°, there exists q = p'^ 
such that c^/m ^ R{{q - l)A)i/9 splits as an i?-module homomorphism. 
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(ii) {R, A) is said to be divisorially F-regulai^ if for every c G R°'^, there exists 
q = p"^ such that c^^'^R RHq — 1)A)^/'^ sphts as an i?-module homomor- 
phism. 

Let -R be a normal domain of characteristic p > and A be an effective M- 
divisor on Spec R. Let M be an i?-module. For each q = p^, we denote ¥^'^{M) = 
F^^(M) := — 1) A) ®rM and regard it as an i?-module by the action of R from 
the left. Then we have the e-times Frobenius map : M F'^'^(M) induced on M. 
The image of an element z & M via this map is denoted by 2;'^ := Flj[z) G F'^'^(M). 
For an i?-sub module of M, we denote by N^^^ image of the induced map 
W^^{N) F'^'^(M). If / is an ideal of R, then /f = - 1)A). 

Definition 2.2 (cf. [251 Definition 2.1], pTl Definition 6.1]). In the above situation, 
let a be a nonzero ideal of R and t > be a real number. 

(i) If C M are i?-modules, then the (A, a*) -tight closure A^^^'"*'' of in M 
is defined to be the submodule of M consisting of all elements z & M for 
which there exists c E R° such that 

for all large q = p^. 

(ii) Let E = Q)mER{R/xn) be the direct sum, taken over all maximal ideals m 
of R, of the injective hulls of the residue fields R/xn. Then we define the 
generalized test ideal t{{R, A); a*) by 

r((i?,A);o*)=Ann«(0^(^'"'))Ci?. 

We denote this ideal simply by t{R,A) (resp. t{R, a*)) when a = R (resp. 
A = 0). 

Remark 2.3. (i) i? is a strongly F-regular ring if and only if the pair (-R, 0) is 
divisorially F-regular, or equivalently strongly F-regular. We refer the reader 
to [JLSJ, IJAl for strongly F-regular rings. 

(ii) Strongly F-regular pairs are divisorially F-regular. When [AJ = 0, the 
converse implication also holds true. 

(iii) ([ini Proposition 2.2 (3), (4)]) If the pair (-R, A) is strongly F-regular (resp. 
divisorially F-regular), then [AJ = (resp. A is a boundary). 

(iv) (cf. [TOl Proposition 2.2 (2)]) The definition of divisorial F-regularity (resp. 
strong F-regularity) does not change even if we replace R{{q - l)A)i/« by 
Ri\qA] - [A\y/i (resp. R{\qA]y/i) in Definition O More generally, we 
can prove that [R, A) is divisorially F-regular (resp. strongly F-regular) if 
and only if for every c G (resp. c G R°), there exists q' such that 
c^/iR ^ Ri\qA] - LAJ)^/« (resp. c^/m ^ R{\qA]y/i) splits as an R- 
module homomorphism for all q = p^ > q' . 

(v) ( [25| Lemma 2.3]) (i?. A) is strongly F-regular if and only if r(-R, A) = R. 

we state in Corollary 1 5. 4[ divisorially F-regular pairs correspond to pit singularities, not to 
dlt singularities. The reader is referred to fT^ for the difference between pit singularities and dlt 
singularities. Our term might be misleading in this sense, but we use the same term as that in the 
original paper [TU] . 
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In order to relate the generalized ideal r((i?, A);a*) with the multiplier ideal 
J7'((X, A); a*), we use the technique of "reduction to characteristic p 3> 0." 

Let R be an algebra essentially of finite type over a field k of characteristic zero 
and A be an effective M-divisor on Spec R. Let a C i? be an ideal such that 
a n i?° 7^ and t > be a real number. One can choose a finitely generated Z- 
subalgebra A oi k and a subalgebra Ra of R essentially of finite type over A such 
that the natural map Ra ®a /c — »• -R is an isomorphism, p*^A = A and Oa-R = ci, 
where p : Spec R — > Spec Ra is the map associated to the inclusion Ra > R, 
A A := p*A and ua '■= clH Ra ^ Ra. Given a closed point s G Spec A with residue 
field K = k(s), we denote the corresponding fibers over s by -R^, A^, a^. Then we 
refer to such (/t, R^^, A^, a^) for a general closed point s G Spec A with residue field 
K = k{s) of sufficiently large characteristic p ^ as ^^reduction to characteristic 
p ^ 0" of {k, R, A, a), and the triple (i?^, A^, a^*) inherits the properties possessed 
by the original one {R, A, a*) (how large p has to be is depending on t). Furthermore, 
given a log resolution f : X ^ X = Spec R of ((X, A); a), we can reduce this entire 
setup to characteristic p ^ 0. 

Definition 2.4. In the above situation, {R, A) is said to be of strongly F-regular 
(resp. divisorially F-regular) type if reduction to characteristic p ^ of (-R, A) is 
strongly F-regular (resp. divisorially F-regular). 

The multiplier ideal J7'((X, A); a*) coincides, after reduction to characteristic p ^ 
0, with the generalized ideal t{{R, A); a*). 

Theorem 2.5 (cf. [25l Theorem 3.2], [111 Theorem 6.8]). Let {R,Tn) be a normal 
local ring essentially of finite type over a perfect field of positive characteristic p, 
and let A he an effective M.- divisor on X := Spec R such that Kx + A is M.-Cartier. 
Let a ^ R be a nonzero ideal and t > be a fixed real number. Assume that 
{{R, A); a) is reduced from characteristic zero to characteristic p ^ 0, together with 
a log resolution f : X X of {{X, A); a) giving the multiplier ideal J'{{X, A); a*). 
Then 

:r((X,A);a*) = r((/?,A);a*). 
In particular, {X, A) is kit if and only if {R, A) is of strongly F-regular type. 

3. DiVISORIAL TIGHT CLOSURE 

In this section, we introduce another variant of tight closure, called divisorial tight 
closure, and investigate its basic properties. 

Definition 3.1. Let R be an F- finite normal domain of characteristic p > and A 
be a boundary (i.e., A = c?iAj is an M-divisor with < di < 1) on Spec R. Let 
a C be an ideal such that a fl R°'^ ^ where is the set of elements of R 
which are not in any minimal prime ideal of i?(— [AJ ) C i?, and let t > be a fixed 
real number. 

(i) If X C M are (not necessarily finitely generated) i?-modules, then the diviso- 
rial (A, a'^) -tight closure N'^"*^'^'^ ^ of X in M is defined to be the submodule 
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of M consisting of all elements z E M for which there exists c G R°''^ such 
that 

for all large q = (see the paragraph above Definition 12. 21 for the meaning of 
the notation N^^^'^). The divisorial (A, a*)-tight closure of an ideal I C R is 
defined by Jdiv*(^'»*) := jdiv*{A,a*)_ rpj^^^ is, x G i? is in /<iiv*(A,a*) jf ^^^^ ^^^^ jf 
there exists c G -R°'^ such that cx'^a^^'^^ C I^i^R((q — 1)A) for all large g = p*^. 
We denote ivjj^*(^'"') (resp. /div*(A,a*)) simply by A^^^*^ (resp. I'^"*^) when 
a = R. 

(ii) Let = (BmER{R/xn) be the direct sum, taken over all maximal ideals m of 
R, of the injective hulls of the residue fields R/m. We define the divisorial 
test ideal t'^"{{R, A); a*) by 

T^^iiR, A); a*) = Ann^(0j"*(^'"')) C R. 

We denote this ideal simply by t'^"{R, A) when a = R. 

Example 3.2. (i) When A = divii;(/) is an irreducible Cartier divisor, an ele- 
ment X G -R is in ) if and only if there exists c G -R \ fR such that 
cf'^~^a^*'^~^x'^ G /'''I for all large q = p^. 
(ii) Let R = ¥p[[x,y]] be a complete regular local ring of characteristic p > 0, 
A = div ii{xy) and / = (x^, y^) C R. Then 

jdiv*A ^ (x\xy,y^) C {x,y) = (jdiv*A)div*A_ 
Thus, divisorial tight closure is not a closure operation in general. 

Remark 3.3. (i) The definition of divisorial tight closure extends to several ex- 
ponents. Given ideals Oi, . . . , a,, of i? with fl R°'^ ^ and real numbers 
one can define divisorial (A, a^^ . . . a*'')-tight closure as follows: 
if C M are i?-modules, then z G M is in the divisorial (A, a*^^ . . . a*'^)-tight 

closure N'^^*^^''^'^ ■* of in M if and only if there exists c G R°'^ such 
that ca^''^ . . . al''"''^z'^ C N^^j'"^ for all large q = p'. 
(ii) As a generalization of the test ideal t{R) in the classical tight closure theory, 
we can define another ideal t'^"{{R, A); a*) by 

t'^^HR, A); a*) = n • /''"*^'^'"'^ 

ICR 

where / runs through all ideals / of R. Then one can expect that this ideal 
coincides with the divisorial test ideal t'^"{{R, A); a*) under the assumption 
that Kx + A is M-Cartier, as is a generalization of [11. Theorem 1.13], [2^ 
Lemma 3.4] and [25, Theorem 2.8]; see also pQ. We can prove it if there 
exists an integer r not divisible by p such that r{Kx + A) is Cartier, but 
it is a open problem in general. In addition, compared with t'^"{{R, A); a*), 
the ideal t'^"{{R, A); o*) seems to be more difficult to handle. These are the 
reason why we don't pursue properties of the ideal r'^^^((i?, A); o*) in this 
paper. 
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(iii) We can define the divisorial test ideal in more general setting. Let D be 
a reduced integral divisor and B be an effective M-divisor on Spec R such 
that D and B have no common components. Let a C i? be an ideal such 
that ani?°''^ 7^ and t > be a real number. The divisorial [D] B, a*)-tight 
closure g^'^*^^'"^'" •* of the zero submodule in E is defined to be the submodule 
of E consisting of all elements z & E for which there exists c G R°'^ such 
that 

for all large q = p^. We then define the divisorial test ideal t'^"{{R, D; B); a*) 
by 

r<^'^((i?,D;i?);a*)=Ann^(0f*(^^^'"*)). 

This divisorial test ideal r'^'^((i?, D] B); a*) corresponds to the adjoint ideal 
adj((X, D; B); a*) defined in Remark Ol (iv). 

We hst up basic properties of the divisorial test ideal t*^" {{R, A); a*) in the fol- 
lowing. 

Proposition 3.4. Let the notation be as in Definition \3.1[ 

(1) For any effective W-divisor A' < A on Spec R, for any ideal o C b C i? and 
for any real number s <t, one has 

T'^"{iR, A); 0*) C r'^"{{R, A'); b'). 

(2) Let A' be another boundary on Spec R such that A + A' is also a boundary 
and a n R°'^' ^0. Let b C R be an ideal such that b f] R°'^+^' ^ 0. Then 

R{-A')t^"{{R, A); a*)b C r<i'^((i?, A + A'); a*b). 

(3) {R, A) is divisorially F-regular if and only ifT'^"{R, A) = R. 

Proof. (1) The proof is similar to that of [lOl Proposition 2.2 (5)]. The non-trivial 
case is only when Supp([AJ) \ Supp([A'J) ^ 0. To prove the assertion in this 
case, we may assume that without loss of generality that there exists a unique 
irreducible component Aq of [AJ such that Aq ^ Supp([A'J). Let z e q^'^*(^ )_ 
By definition, there exists c G such that cb^^''~^z'' = in F*^'^ (E) for all large 

q = ]f. We may assume that c is in p = Aq), and let v = fp(c) be the value 
of c at p. Then one can choose d G R°'^ which is in ci?(z/Ao). This implies that 
dR{{q - 1)A') C cR{{q - 1)A) for all large q = p\ Since a^**?! C b^'''\ we have 
da^^ih'^ = in ¥^'^{E) for all large q = p", that is, z G 0^'^*^^'"'^. 

(2) It is enough to show that of<^+^''-''^) c (of : R{-A')b)E. Let 
z G of By definition, there is c G R°'^+^' such that ca^^^^b'^z'? = 
in F^'^+^'(E) for all large q = p^. Since i?(-A')[^li?((g - 1)(A + A')) C R{{q-1)A) 
and bt"?! C b^ one has ca^^'''^ R{-A')^i^b^ihi = in ¥^'^{E). This implies that z lies 

in (of : Ri-A')b)E. 

(3) The assertion follows from Remark 12.31 and Lemma 13.51 □ 

Lemma 3.5. Let {R,vci) be an F-finite normal local ring of characteristic p > and 
A be a boundary on Spec R. Let a R be an ideal such that a fl R°''^ ^ and 
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t > be a real number. Fix a system of generators , . . . ,XrJ of a^^'^'^ for each 
q = p^. Then an element c E R lies in t'^"{{R, A); a*) if and only if for any d G 
and any positive integer cq, there exist an integer ci > Cq and R-homomorphisms 
ipf^ e Homi?(i?( [/A] - [/\\f'P\R) for eo < e < d andl<i<re such that 

c=f:f:vr\{dxr'Yn 

e=eo i=l 

Proof The proof is identical to that for the generahzed test ideal t{R, a*) . See [HI 
Lemma 2.1]. □ 

As immediate applications of Lemma [331 we can show that forming the divisorial 
test ideal t'^"{{R, A); a*) commutes with localization and completion. 

Corollary 3.6 (cf.[9, Proposition 3.1, 3.2]). Let the notation be as in Lemma \3.5\ 

(1) Let W be a multiplicatively closed subset of R, and let Aw and aw be the 
images of A and a in Rw, respectively. Then 

T^'-'iiRw, Aw); a'w) = r^'^{{R, A); a')Rw. 

(2) Let R be the m-adic completion of R, and let A and o be the images of A 
and a in R, respectively. Then 

r'^"{{R,A);a') = T'^"{iR,A);a')R. 

Proposition 3.7. Let R be an F-finite normal domain of characteristic p > and 
A be a boundary on Spec R. Let a R be an ideal such that a fl R°'^ ^ and 
t > be a real number. Let E = (BmER{R/Ta) be the direct sum, taken over all 
maximal ideals m of R, of the infective hulls of the residue fields R/xn. Fix an 
element c G t'^"{R, [AJ ) n R°^^. Then for any z G E, the following three conditions 
are equivalent to each other. 

(1) z e of 

(2) car*'?!^'? = zn ^Ri\qA] - [AJ) Or E for all q = p^ 

(3) There exist integers n > 1 and n — 1 > r > such that for each q = p^ , if 
e = r mod n, then ca^^'^h'' = m 'K([gA] - [AJ) (g)R E. 

Proof. We may assume that R is local by the definition of E. For each q = p*^, 
we denote *^i?([gAJ — [AJ) ^r E by F^'^(i?). First we prove that the condition 
(1) implies the condition (2). Fix any q = p^. Since z G gf there exist 

d G -R°'^ and an integer cq > such that da'^^'^'^-z''' = in W''^{E) for every 
q' = > p^o. By Lemma |3.5[ there exist an integer ei > cq and i?-linear maps 
^{k) g Hom^j(/2((/-l) [A\Y'p\R) for d > > eo such that c = Yl=eo ^^'"Kd^^p"). 
The map ip^''^ induces an ^i?-linear map ip^^^ : W^^'^'^^E) W^'^i^E) sending dz^'''^ 
to Ckzi, where Ck ■.=^ip'-''\d^/p') for ei > k > cq. Since c/(ar*^T)[p'l C da^^p''i\ 
d^a^^'^'^yp'^^zP'"'^ = in F^+'^'^(£') for every ei > k > cq. Applying ip^'''' and summing 
up, we obtain 

ei ei 
k=eo k=eo 



A characteristic p analogue of adjoint ideals 



11 



in F^'^(E) = m{\q^'\ - [AJ) ®a E. 

The condition (3) is the special case of (2), so it remains to prove that the condition 
(3) imphes the condition (1). 

Claim. There exists a positive integer m such that for every q = p^, one has an 
i?-hnear map 0e : RHq — 1) L^J)^'''^ R sending 1 to c"*. 

Proof of Claim. By Corollary 13.61 and Proposition 13.41 (3), the pair {Rc, [AJc) is 
divisorially F-regular. Then by [TOl Proposition 2.2], there exist an integer s > 1 and 
an i?-linear map g : R{{p — \) [AJ — > R sending 1 to c^, because R{{p — 1) [AJ )^/^' 
is a finite i?-module. 

We prove by induction that for every q = p'^, there exists an i?-linear map 0e : 
R{{q — 1)[AJ)-'^/'^ — > R sending 1 to c^*. When e = 1, put (pi = ■ g. Suppose 
that the assertion holds for q = p'^. Then, by tensoring 0e with R{{p — 1) [AJ) and 
taking its p-th root, we have an i^^/^-module homomorphism R{{pq — 1) [AJ )^/^'' 
R{{p — 1)[AJ)^/*' sending 1 to c^^/^. So, we compose this map with an i?^/P-linear 
map R{{p - l)[A\y/P R{{p - l)[A\y/P sending 1 to c'^p-^>/p, and then with g: 

R{{pq - l)[AJ)i/^^^ ^ 1)[AJ)V^> ^ R{{p-l)[A\fl^ ^ R 

1 ^ c^^Ip ^ c^' 

This is the required map for pq = p^^^ . 

In order to prove the condition (1), it is enough to show that = in 

F'^'^(i?) for all q = p^. Fix any q = p^ and take an integer n > I > 1 such that 
e + / = r mod n. By the above claim, there exists an i?-module homomorphism 
0/ : R{{p^ - l)[AJ)i/p' R sending c to d^+^. By tensoring (pi with i?([gA] - [AJ) 
and taking its g-th root, we obtain an i?^/''-linear map 

R{yqA~\ - [AJ)i/f''? ^ i?([gAJ - [AJ )!/'?. 

This map induces an '^i?-linear map ipi : ¥^^^'^{E) ¥^'^(E) sending c^' z^''^ to 
^m+i^q_ Since cP'(a^*^^ ^ ca^^P'''\ by the condition (3), {a^^^'^yp'hp'i = in 
¥^^'''^{E). Applying ipi, we have 

□ 

Remark 3.8. (i) We cannot replace W'^{E) = m{ [gAJ - [A\)®rE by ¥^'^{E) = 
m{{q - 1)A) (g)R E in Proposition O 
(ii) Let the notation be as in Proposition 13.71 In addition, let I be an ideal of 
R. Then for any x G -R, by an argument similar to the proof of Proposition 
13.71 the following three conditions are also equivalent to each other. 

(a) X G jdiv*{A,a*)_ 

(b) car*«Tx« G /Mi?([gAJ - [AJ) for all q = p". 

(c) There exist integers n > 1 and n — 1 > r > such that for each q = p"^, 
if e = r mod n, then ca^^t^x'^ G J[«l/?([gAJ - [AJ). 



12 



SHUNSUKE TAKAGI 



Definition 3.9. Let R be an F-finite normal domain of characteristic j9 > and 
D be a reduced divisor on Spec R. Let E = Q)mER{R/m) be the direct sum, taken 
over all maximal ideals m of R, of the injective hulls of the residue fields R/m. We 
say that an element c G R°'^ is a divisorial D-test element (for E) if cz'^ = in 
W^'^iE) for all g = whenever z G 0|'^*^. 

Corollary 3.10. Let R and D be as in Definition \3.9l 

(1) t'^"{R, D) n R°'^ is equal to the set of divisorial D-test elements {for E). 

(2) Let c G R°'^ be an element such that the localized pair [R^, is divisorially 
F-regular. Then some power c" of c is a divisorial D-test element [for E). 

(3) Let A be a boundary on Spec R and a R be an ideal such that anR°''^ ^ 0. 
Then for any real number t > 0, t'^"{{R, A); a*) fl ^ 0. 

(4) Assume that D = div/j(/) is a reduced Cartier divisor on Spec R. Let A be 
a boundary on Spec R whose support has no common components with the 
support of D, and let a ^ R be an ideal such that a fl ^ 0. Assume 
in addition that f lies in an ideal bCR such that b n ^ 0. Then 

t'^'^HR, a + D); a*) C t'^'^HR, A); a*b). 

Proof. (1) It follows from Proposition 13. 71 that any element of t'^"{R, D) fl R°'^ is a 
divisorial D-test element. Conversely, if c is a divisorial D-test element, then cz"^ = 
in ^'^{E) for all z G 0^;"'*'^ and for all q = p"" . In particular, we have c^'^^*^ = in 
E, that is, c G t'^"{R,D). 

(2) By Proposition 13.41 (3) and Corollary 13.61 the localization t'^"{R,D)c with 
respect to c is trivial. This implies that some power c" of c is in t'^"{R, D). Thus, 
c" is a divisorial D-test element by (1). 

(3) Let S be the ring corresponding to [AJ . Fix any element c G R°'^ such that 
Rc and Sc are regular (one can choose such c, because R is normal and 5* is reduced) . 
Then by [101 Theorem 4.9], (i?c, L^Jc) is divisorially F-regular. Thus, by (1) and (2), 
that some power c" of c lies in t'^"{R, [AJ). The assertion follows from Proposition 

Eai(2). 

(4) Let z G and fix any c eT'^"{R, A) n R°'^+^ (one can choose such 
c by (3)). By Proposition EZl ca^^^'^b^z" = in ^R^qA] - [AJ) ®r E for all q = p\ 
Take any d G b fl _R°'^+-^, and then by assumption, one has cdar*'?V"^^'^ = m 
m{ \qA'\ - [AJ ) ®R E for all q = which implies that z G of'^^+^'^^'l □ 

4. Geometric properties of divisorial test ideals 

First we discuss a restriction property of t'^"{{R, A); a*) similar to Theorem 11.51 
To state our restriction theorem, we have to generalize the notion of the generalized 
test ideal t{{R, A); a*) to the case where R is not necessarily normal. 

Suppose that is a Noetherian equidimensional reduced ring satisfying 5*2. Let 
Q{R) be the total quotient ring of R and X := Spec R. A fractional ideal X C Q{R) 
is called a Weil divisorial fractional ideal of i? if X is principal in codimension one 
and reflexive. Since R satisfies S2, R C Q{R) is a Weil divisorial fractional ideal. 
The product X-X' C Q{R) of Weil divisorial fractional ideals X, X' C Q{R) is defined 
to be the reflexive hull of the product of the fractional ideals XX' C Q{R). With 
this law, the set of Weil divisorial fractional ideals is a group which we denote by 
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WSh(X). We write T*^"^ for the product of J G WSh(X) with itself n-times in 
WSh(X). We say J G WSh(X) is effective if i? C J c Q{R). If R has a canonical 
module ujx (for example, i? is a homomorphic image of a Gorenstein local ring) 
and we fix an embedding uJx C Q{R), then ux is a Weil divisorial fractional ideal 
precisely when R is Gorenstein in codimension one ([HI (16.3.3)]). The reader is 
referred to [THl Chapter 16] for details. 

Definition 4.1. In the above situation, assume that R is of characteristic p > 0. 
Let X G WSh(X) be an effective Weil divisorial fractional ideal and n be a positive 
integer. Let a C be an ideal such that a fl -R° 7^ and t > be a real number. 
Let E = (BmER^R/m.) be the direct sum, taken over all maximal ideals m of R, 
of the injective hulls of the residue fields R/m. Then the {X^^^"'\ a^) -tight closure 

'"^ of the zero submodule in E is defined to be the submodule of E consisting 
of all elements z E E for which there exists c E R° such that ca^^'^^ z = in 
ej{L{g-i)/nj) ^ j^^gg ^ ^ ^ ^^leie ej(L(9-i)/"J) ig j( K?"!)/"] ) itself but 

viewed as an i?-module via the e-times Frobenius map : R ^ x(L('?-i)/"'J)_ Wg 
define the ideal r((i?,X(^/")); a*) by 

r((i?,j(V"));aO=Ann«(of'^^"'-*))C^. 

Proposition-Definition 4.2 ([TS^, 16.5 Proposition-Definition]). Let R be a normal 
domain and B he an effective Q-divisor on X := Spec R. Let i : D "—>■ X be a 
reduced subscheme of pure codimension one which is Gorenstein in codimension one 
and satisfies 5*2. Let S be the ring corresponding to D, and suppose that R {resp. S) 
has a canonical module uJx C Q{R) {resp. uj£, C Q{S)). Assume that Kx + D + B 
is Q-Cartier, and let r > 1 be the least integer such that r{Kx + D + B) is Cartier. 
Assume in addition that 

^uMuxiD + B)) := {x G X I uJx{D + B)., ^ Ox,.] 

has no common components with the support of D. Then there exists a naturally 
defined effective Weil divisorial fractional ideal Xb G WSh(Z}) so that: 

J^^ ■lB = t*Jx\r{D + B)). 

We use the formal exponential notation I^j^^^^ for the pair {r^Xs) and calll^^^^ as 
the different of B on D. 

Remark 4.3. If R is Q-Gorenstein and Cohen-Macaulay, D is a Cartier reduced 
divisor on X and B = 0, then 2b is equal to S in Definition 14.21 The reader is 
referred to [ISl 16.4 Proposition] for details. 

Now we state our restriction theorem for the ideal t'^"{{R, A); a*) (compare this 
with Theorem ll.Sp . 

Theorem 4.4. Let (-R, m) be a d-dimensional F-finite normal local ring of char- 
acteristic p > which is a homomorphic image of a Gorenstein ring. Let A he a 
boundary on X := Spec R such that Kx + A is Q-Gartier. Let r > 1 be the least 
integer such that r{Kx + A) is Gartier, and assume thatr is not divisible by p. Put 
D = [AJ and B = {A}, and assume in addition that D is Gorenstein in codimen- 
sion one and satisfies S2. Let S be the local ring corresponding to D and 2b^^^ be 
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the different of B on D. Then for any real number t > and for any ideal a C R 
such that a fl R°'^ ^ 0, one has 

T{{S,I^^/%aS') = T''-"{{R,A)-a')S. 

In particular, if t'^"{R, A) = R, then S is strongly F-regular {hence normal and 
Cohen- Macaulay) . 

Proof. We apply a strategy similar to pjQi Theorem 4.9]. First note that the ideal 
t{{S,X^j^^^^); aS"*) commutes with completion by an argument similar to that of [H 
Proposition 3.2]. So, by virtue of Lemma 13.61 we may assume without loss of 
generality that R is complete. Let Er = Eji{R/xn) and Es = Es{S/mS) be the 
injective hulls of the residue fields of R and S, respectively. Since R and 5* satisfy 
^2, by [2j and ^, Er ^ H^i^x) and Eg = H^s\ujd). Also, we can view Eg as a 
submodule of Er via the isomorphism Es = {0 : -D))^^ C Er. 



Claim. 



Proof of Claim. Fix any d G R{—\B~\) fl R°'^. One can choose a divisorial D-test 
element c G R°'^ whose image is in t{S) fl S°. We stick to the powers q = such 
that g — 1 is divisible by r. Note that there exists an integer n such that if a positive 
integer e is a multiple of n, then p*^ — 1 is divisible by r (because p does not divide 
r). Then (g — l){Kx + A) is a Cartier divisor on X and X^^'^"^^^'^^ is an effective Weil 
divisorial fractional ideal of S. The inclusion map Eg Er induces the following 
commutative diagram of local cohomology modules, where the vertical maps are the 
induced e-times Frobenius maps: 



H'^s\^d) 



cdF^ 



— Ks'ico^^' ■ T^t'''^') — Hi{J^\{q - 1)A)) 

Let ^ G 0^'^**-^'" n Eg. Since c is a divisorial D-test element, by Proposition 13.71 

and Corollary Eini 00^*51^^(0 = in if^(wJ^([gA] - D)). Applying the multipli- 
cation map by d 

Hi{^^\W^^ - D)) ^ Hi{J^\{q - 1)A)), 

one has cda^*'^^ Fr{C,) = in H^{uJx\iq — 1)A)). Then, by the above commutative 
diagram, ^ar*5lF|(0_= in H^f{uj''^^ ■ xf'^^'"^) for all q = p" such that e is a 
multiple of n. Since cd G t{S) fl 5"°, it follows from an argument similar to the proof 

of Proposition [XT] (3) ^ (1) that i lies in oj^^ ' \ 

Consequently, we have g^'"*-^'" ^ f\Es ^ ^Eg^ ^- The converse argument just 
reverses this. 
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We continue the proof of Theorem 14.41 Since R is complete, one has 0' 
(0:?^i^((i?,A);a*))i5^. Hence 



div*(A,a*) 




By the above claim, we conclude that 



r{{Sa^i'% aS') = Ann^loj;;*^^'^*) n Es) = r<^^^((i?. A); a')S. 



□ 



Next we discuss subadditivity properties, analogous to Theorem 11.61 of the ideals 
t{{R, A); a*) and t'^"{{R, A); a*), respectively. 

Theorem 4.5. (1) Let (-R, m) be a d- dimensional F-finite regular local ring of 
characteristic p > 0. Then 



for any nonzero ideals a, b C i? and for any real numbers s,t > 0. 
(2) Let R be an F-finite regular domain of characteristic p > or an affine 
normal domain over a perfect field K of positive characteristic p. Let ^ be 
the Jacobian ideal of R over K = R if R is regular). Let Ai, A2 be 
boundaries on Spec R such that Ai + A2 is also a boundary. Furthermore, 
assume that there exists an integer r > 1 not divisible by p such that r Ai or 
rA2 is Cartier. Then 



Proof. (1) We employ the same strategy as that of the proof of [HI Theorem 6.10] 
which can be traced back to the method in [S] . By virtue of Corollary 13. 6[ we 
may assume that i? is a complete regular local ring of positive characteristic p, that 
is, R = k[[xi, . . . ,Xd]] where is a field of characteristic p. Let T = R®kR = 
k[[xi, . . . ,Xd,yi, . . . , yd]] and A : T — > be the diagonal map. Ker(A) is generated 
by xi — yi, . . . ,Xd — yd, and put Di = divT'(a;i — yi) for all i = 1, . . . , rf. Also, let 
Pi (resp. P2) : Spec T Spec R be the first (resp. second) projection. Applying 
Theorem 14.41 and Corollary 13.101 (4) to the diagonal map A : T R, one has the 
following inclusion: 




s,t > 0. 



r(i?, a^b*) = A(r'i-((T, + ■ ■ ■ + Dd); ip^'aYip^'bY)) 
C A(r(T, ip^'anp.'bYmi)). 
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Here, note that mx = Pi ^vn + p2 ^tn. It therefore follows from [261 Theorem 3.1] and 
[m Proposition 4.4] that 

T{T,{p^'anp^'b)W^)= J2 riT,ip^'anp^'m)\p^'byip^'mr) 

\+IJ,=d 

C J2 Pi^T{R,a'm^)p^^T{R,b'm^'). 

X+fi=d 

Thus, we have the required inclusion 

(2) We employ the same strategy as that of the proof of f2E[ Theorem 2.7]. By 
assumption, we may assume that there exists an integer r > 1 not divisible by p such 
that r Ai is Cartier. By virtue of Corollary 13.61 we may also assume that [R, m) is 
a complete local ring. Let E = Er^R/xu.) be the injective hull of the residue field of 
R, and we denote m{ \q{Ai + As)] - [Ai + AsJ ) Or E (resp. m{ \qAi] - [A^ J ) E) 
by F'='^i+^2(E) (^resp. F^'^'(E)) for each q = p\ 

Claim. For any ideal I R, one has 

jdiv*(Ai,a=)^div^^^ Ai + A2); a'b') C Ir'^"{R, A2); b*). 

Proof of Claim. By an argument similar to the proof of [251 Proposition 2.2], it is 
enough to show that 

/p,div*(Ai+A2,a^ti*) . 7-div*(Al,o'')^ /ndiv*(A2,b') . j-\ 

Let z e (o^'^*(^2,b*) . j^^^ ^^^^ ^ divisorial [Ai + AgJ-test element c G 
Since c is also a divisorial LA2j-test element, by Proposition 13.71 and Corollary 
[3A01 one has cb^^^l/Mz^ = in W'^^{E) for all q = p\ Then it follows that 
cbr*9l/Mi?([gAi] - [AiJ)z'? = in W'^^+^^{E). On the other hand, since c is 
a divisorial [AiJ-test element, by Remark 13.81 (ii) and Corollary 13.101 one has 
^jjNl(jdiv*(Ai,a-)^[g] ^ /[9]i?(pgAi] - [AiJ) for all q = p". Thus, 

for all g =p^ that is, ^ G (oJ'^*(^i+^^'»^''*) ; /^-(Ai.a^))^, 

Thanks to the above claim, it suffices to show that the Jacobian ideal Z is con- 
tained in r'^'^((/2, Ai); a'Y"<^^^°-'\ Let c G ;j, and fix any q = p" such that (g-l)Ai 
is Cartier. Note that there exists an integer n > 1 such that if a positive integer e 
is a multiple of n, then (p^ — 1) Ai is Cartier, because p does not divide r. As in the 
proof of [2^ Lemma 2.6], we may assume that there exists a finite free i?-algebra 
Sq such that R C Sg C R^li and cR^''^ C Let d G i?"'"^! be a divisorial [AiJ-test 
element, and then by Proposition 13.71 and Corollary 13.101 da^^'^'^z'' = in ¥^'^^{E) 
for all z G g^'^*^^^'" Applying the multiplication map 

Fe,Ai(^) 211^ W^^'{E) with 

rf' G i?(-{Ai})ni?°'^i, one has cic/'ar^'^Tz^ = inF^'^i(E). Let F% : E R^/'^c^rE 
be the e-times iterated Frobenius map induced on i?, and write down (g — l)Ai = 
divR(/,) with fq G R. Since oj"*^^''"'^ = (0 : f'^'' {{R, Ai)-a'))E, it follows that 
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{dd'f/'ifl'''a^"i\l'iFI.{{fd : r'^'^((i?, Ai); a"))^^) = in R}/^ ®r E. Here we consider 
the following i?-module homomorphism: 

(pq-.E^ R'/" (^RE^Sg ®R E. 

Then {dd'y/'Jfy''a^"iyi(f)g{{0 : t'^"{{R, Ai); o^))^) = in 5, (^r E, because (j)g fac- 
tors through F|. On the other hand, as an _R-module, 0g((O : r'^'^((-R, Ai); a'*))^;) 
generates c(0 : t'^"{{R, Ai); a'^)Sq)sg(^ijE in Sq C>?>r E, because 0g is factorized into 
E Sq ®R E ^ Sq ®R E and Sq is flat over R. Thus, 



{dd'Y/^fl/'^a^^'^y'^ci^ : r'i-((i?, Ai); a^)5,)s,^«i^ = 

in Sq ®R E. Since Sq is a finitely generated free i?-module, we have an isomorphism 
Hom^(S'g, E) = Sq ®R E. We apply Matlis duality to Sq via this isomorphism so 
that 

(rfrf')'/Vj/^ar^''l/''c C Ann5,((0 : r'^'^((i?, Ai); a')Sq)s,^,E) 
= T^"{{R,A,y,anSq 
C T'^'^{{R,Ai);a')R^/''. 

This implies that dd'a^^'^'^c'^ C r'i'^((/2, Ai); o")Mi?((g - l)Ai) for all q = such 
that e is a multiple of n. By Remark 13.81 (ii), we conclude that c belongs to 
Ai);a")<^i^*(^i'"'). □ 

Example 4.6. (i) Let R = k[[xi, . . . ,Xd\] be a c?- dimensional complete regular 
local ring of characteristic j9 > and A = div/j(xi . . . x^). Then we can easily 
check that t^"{R, A) = {xi, . . . ,Xd). 

(ii) Let R = k[[xi, . . . , Xd]] be a complete regular local ring of characteristic p > 
with d > 2 and A = divR{x^ + ■ ■ ■ + x^). Assume that the integer n is not 
divisible by p and p > (n — !)((/ — 2). Then, by [TSl Theorem 6.4] and 
Theorem |Ol one has that ^'^"{R, A) = (xi, . . . , 

(iii) Let i? be a two-dimensional complete Q-Gorenstein normal local ring of 
characteristic p > and A be a reduced Cartier divisor on Spec R. Since 
the test ideal of a one- dimensional reduced local ring is equal to its conductor 
ideal, by Theorem 14.41 t'^"{R, A) is the lift of the conductor ideal c(A) of A. 

(iv) Let {R, m) be a ci- dimensional Cohen-Macaulay Q-Gorenstein normal local 
ring essentially of finite type over a perfect field K of characteristic p > 0, 
and let A be a reduced Cartier divisor on Spec R. Let S be the local ring 
corresponding to A and ^{S/K) C 5* be the Jacobian ideal of S over K. 
Then by arguments similar to the proof of [251 Theorem 4.6] and Theorem 

:S{S/K) Crdi^((i?,A);m'^(^^^))5 

for all 1 ^ e > 0. In particular, t'^"{R,A) contains the lift of the Jacobian 
ideal Z{S/K). 
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5. An interpretation of adjoint ideals via divisorial tight closure 

In this section, we prove the correspondence between the divisorial test ideal 
r'^^^((i?, A); a*) and the adjoint ideal adj((X, A); a*). First of all, we show that 
t'^"{{R, A); a*) is contained in adj((X, A); a*) in fixed prime characteristic (if a log 
resolution of ((X, A); a) exists). 

Theorem 5.1. Let (-R, m) be an F-finite normal local ring of characteristic p > 
which is a homomorphic image of a Gorenstein ring, and let A he a boundary {i.e., 
A = djA is an M.- divisor with < di < 1) on X := Spec R such that Kx + A 
is M.-Cartier. Let a R be an ideal such that no component of [AJ is contained 
in the zero locus of a, and let t > be a fixed real number. If f : X X is a 
proper birational morphism from a normal scheme X such that aO^ = 0^{—Z) is 
invertible, then one has an inclusion 

T''^{{R,/X)-a')<ZH\X,0^{K^-[f\Kx + A)+tZ\+f;\/\\)). 

Proof. The proof is almost the same as those of \\S)^ Theorem 3.3] and [25, Theorem 
2.13]. □ 

Lemma 5.2 ([TJ Proposition 3.6, Corollary 3.8]). Let (-R, m) be a d-dimensional 
normal local ring of essentially of finite type over a perfect field k, of characteristic 
p > 0. Let f : X ^ X := Spec R be a log resolution of X and E be an f -ample 
M^-divisor on X whose fractional part has simple normal crossing support. Denote 
the closed fiber of f by Z = f~^{{m}), and assume that (-R, m) is the localization at 
any prime ideal of a finitely generated n-algebra which is a reduction modulo p ^ 
as well as f : X —>■ Spec R, E and Z . Then the e-times Frobenius map 

F^ : 0^{~E)) HliX, O^i-qE)) 

is infective for all q = p^ . 

We prove that the adjoint ideal adj((X, A); a*) coincides, after reduction to char- 
acteristic p 0, with the divisorial test ideal T^^^{fR, A); a*), by making use of the 
above lemma. 

Theorem 5.3. Let (-R, m) be a d-dimensional normal local ring essentially of finite 
type over a perfect field of prime characteristic p , and let A be a boundary {i.e., A = 
(ijAj is an M^-divisor with < rfj < 1) on X := Spec R such that Kx + A is W- 
Cartier. Let a R be an ideal such that no component of [AJ is contained in the zero 
locus of a, and let t > be a fixed real number. Assume that {{R,A); a) is reduced 
from characteristic zero to characteristic p ^ 0, together with a log resolution f : 
X ^ X of ((X, A); a) giving the adjoint ideal adj((X, A); a*) (see Definition \l.^ for 
the definition o/adj((X, A); a*)). Then 

adj((X,A);a*)=r<i-((i?,A);a*). 

Proof. The proof is an improvement of the proof of [251 Theorem 3.2^. By Theorem 
I5.lt it is enough to prove an inclusion adj((X, A); a*) C t'^"((R, A); a^). Since 



The proof of 25, Theorem 3.2] has a small gap, but the result itself is valid. It follows from 
almost the same argument as the proof of Theorem 5.3. 
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adj((X, A); a*) does not change after an arbitrarily small perturbation of A, we may 
assume that Kx + A is Q-Cartier. We may also assume that t is a rational number. 

First we consider the situation in characteristic zero before reducing to characteris- 
tic p 0. In characteristic zero, we fix any c G -R°'^ lying in adj(X, A)n-R(— {A})na 
such that the localization Rc is regular (one can choose such c, because R is nor- 
mal). Take a log resolution / : X — > X of ((X, A);ca) so that /^"^[AJ is smooth 
and aOjf = 0^{—F) for an effective integral divisor F on X. One can choose an 
/-ample Q-divisor H on X with simple normal crossing support so that tF — H is 
an effective Q-divisor on X whose support has no common components with the 
support of [AJ and in addition 

[nKx + A)+tF\ = iriKx + A) + e dw^ic) + tF - H\. 

for a sufficiently small rational number 1 ^ e > 0. We denote D = [AJ, D = 
/-I [AJ and A = r{Kx + A) + e div^(c) +tF-H. 

Claim 1. For each integer m > 1, a natural exact sequence 

-> O^imA -D) 0^{mA) 0^{mA) 

induces the exact sequence of local cohomology modules 

^ 0^{mA)) HliX, O^imA - D)) Hi{X, 0^{mA)) ^ 0, 

where Z = /~^({m}) is the closed fiber of /. 

Proof of Claim 1. It suffices to show that Hz~^iX,0^{mA)) = for all m > 1. 
It immediately follows from Kawamata-Viehweg vanishing theorem [iTl Theorem 
1-2-3], because i/|"^(X, 0^{mA)) is the Matlis dual of H\X, 0^{K^+ \-mA])) 
and —mA is an /-ample Q-divisor whose fractional part has simple normal crossing 
support. 

Now we reduce the entire setup as above to characteristic p ^ and switch the 
notation to denote things after reduction modulo p. Assume that a is generated 
by r elements. Also, since H — tF is an /-ample Q-divisor on X, putting G : = 
K^- f*{Kx + A) + D, we see that M := ^.^^qH%X ,0^{\G - ntF + nH])) is a 

finitely generated module over 71 := 0„>o H^i^, C'jf (n(if — tF))). So suppose that 
M. is generated in degree < no. Since Rc is regular and (Spec Rc, is pit, by [T^ 
Theorem 5.50] and pUl Theorem 4.8], {Rc,Dc) is divisorially F-regular. It therefore 
follows from Corollary I3.1UI that some power is a divisorial D-test element. For 
all q = p^, we consider the following commutative diagram with exact rows, where 
the vertical maps are induced by the e-times Frobenius map. 

0^{A - b) 0^{A) ^ 0^{A) ^ 

0^{qA - b) 0^{qA) Oj^{qA) 



F1 

X 



X 



F?. 

D 
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By Claim 1, this diagram induces the following commutative diagram of local coho- 
mology modules: 



^Hi-^\{D,0^{A)) 



HiiX, 0^{A - D)) HiiX, 0^{A)) 



D 



F1 

X 



F^ 

X 



^P>;y(^' ^5(9^)) HliX, O^iqA - D)) Hd{X, 0^(qA)) 



Claim 2. The induced e-times Frobenius map 

F| : 0^{A-b))-. HiiX, 0^{qA - D)) 

is injective for all q = ]f . 

Proof of Claim 2. Since we are working in characteristic p ^ 0, by Lemma [5.2[ the 
induced e-times Frobenius map F- : 0^{A)) — > Cjj (gA)) is injective 

for all q = p"^. Hence, by the above commutative diagram, it suffices to show that 
the induced e-times Frobenius map 

is injective for all q = ]f . 

We denote B = {A} + e divx(c). Then B has no common components with the 
support of D. Let u : D'^ ^ D he the normalization of D and g : D ^ D'^ 
be the induced morphism. Then there exists an effective Q-divisor B'^ on D'^, 
called the different of B on D" (see [22l §3] for details), such that Kdi' + B'^ is 
Q-Cartier and Kd-^ + B" = v*{Kx + D + B\d). Since H - tF is an /-ample Q- 
divisor on X whose support has no common components with that of D, —A\j=) = 
—g*{K£)v + B'^) + [H — tF)\jj is a (7-ample Q-divisor on D whose fractional part 
has simple normal crossing support. It therefore follows from Lemma again that 
Ft : Hi-^'^{D, 0^{A)) ^ Hi-^\{D, Oj=,iqA)) is injective for all q = p\ 

From now on, we stick to the powers q = p^ofp such that qe > m := \tno] -|-r-|-2s 
and (g — l){Kx + A) is Cartier. Note that there exist infinitely many such q = p^ . 
By the definition of A, Claim 2 implies that the map 

c-F| : E%{X, 0^{A' -b))^ HliX, 0^{qA' - D)) 

is injective for all such q = p'^, where A' = f*{Kx + A) + tF — H . Let 

Se : K{J^\iq - 1)A)) ^ HiiX, O^iqA' - D)) 

be the Matlis dual of a natural inclusion map 

H\X, 0^{K^ - [qA'\ + D)) ^ R{{1 - q){Kx + A)). 

Also, let 5 : H^{luji) Hi{X, Oj^{A' — D)) be the Maths dual of a natural inclusion 
adj((X, A); a*) R. Then we have the following commutative diagram with exact 
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rows: 






Ker((5) 



Ker((5e 



Hi{J^\{q - 1)A)) — i/|(X, O^iqA' - D)) — 



Hi{X,0^{A'-D)) 



X 



Here, Ker(5) (resp. Ker((5e)) can be considered as the annihilator in H^^ur) (resp. 
H^{J^\{q - 1)A))) of adj((X, A); a*) (resp. 0^{\G - qtF + qH])) where 

G = - f*{Kx + A) + 5) with respect to the pairing R x H^{uor) H^{ujr) 

(resp. R X ff;i(o;gH(g - 1)A)) - " 1)A)))- 

Let C, € H^{ujr) \Ker(5). By the above observation, one has c*"^^ ^ Ker(5e), that 

is, 

^ Ann^,(^,„^(^_^^^^^ff°(X, 0^([G - qtF + qH])) 

for all q = such that qe > m and (g — l)(-ft'x + A) is Cartier. The multiplication 
by c 

^mrf(kAl - ^)) ^ Hii^^^\ilj 1)A)) 

forces c™'"i^'3 not to belong to the annihilator of H^{X, 0^{\G — qtF + qH])) in 

Hmi^R^ ( r^A] —D)). Then, by the definition of no, there exists an integer < n < no 
such that 



1^</ ^ Ann^, 



H\X,0^{{q~n){H-tF))). 



Since H^{X,Oj^{{q - n){H - tF))) C ^ we have c^-^^^a^s-^o)! ^ in 

if^(a;j^'' ( [gA] — D)). On the other hand, recall that c G a and m = [trio] + r + 2s. 
Since G r'^^iR^D) C ?(i?), by the tight closure version of Briangon-Skoda's 
theorem (see [13]), 



^m— 1 



ai 



Thus, we have c'^a'^*'^^'^ 7^ in if^(u;j^'^( [gA] — D)) for all q = such that qe > m 
and (g — l)(-ft'x + A) is Cartier. This implies that ^ does not belong to 0^^*^'" 
by Proposition 13.71 because is a divisorial Z)-test element. So, we conclude that 

Corollary 5.4 {[10, Conjecture 5.1.1]). Let {R, m) be a normal local ring essentially 
of finite type over a field of characteristic zero, and let A he an effective M.-divisor 
on X := Spec R such that Kx + A is M.-Cartier. Then {X, A) is pit if and only if 
{R, A) is of divisorially F-regular type. 
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